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AHHonsna--PaspaboTaa MeTox pememrr ypaelremm TennonpoBo~Hocra (w#ysmi) multi 
HecTaqHoHapaoB TpexHepaof4 aqawi nps3 Ham= Komew=. AaHo TeoperH¶ecKoe 
o6ocHosaHlie nwroxa AJHZ -aa, Hor?qa ropusozrraJrx.Harr (Upo~o~riaR) COCT~BJIRIO~R 
CHOPOCTH nepeYi3IseHafi CpeAbl CyTb UpOE8BOnbwrft lIOJIAEOY OTEOCKTNIbHO BepTSlKWIbHO~ 

Koopu!uiaTmr. PemeHae ypaaaeaaa 6aaxpywcx Ha OnepaIproaBor MeTOLle H EMBBT B&W paa, 
pacnonomeanoro no cTene?uw o606rseHHoro napcuaeTpa JIanaaca. 

NOMENCLA!I’iJRE 

T, temperature ; 
x, y, horizontal plane ; 

vertical co-ordinate ; 
&)=I: a,,,.~“’ and 

n-0 
K corresponding velocities of medium 

displacement ; 
A, A,, corresponding coefficients of heat con- 

duction; 
To, Green’s function. 

1. METHOD OF SOLVING EQUATION (1.1) 
THE heat equation: 

= ‘\(i!&g) + A25 (14 

is solved for the following initial and boundary 
conditions, assuming that W, A and h, are 
constant : 
at 

t =0, T= QS(x)8(y)6(z-h); 
at 

~(x9+y*+~)+co T=O; 

( 

aT 
xx -324 +WT =o. 

) t-0 

The method of solution is illustrated in 
application to the equation: 

Equation (1.2) is solved instead of (1.1) only to 
simplify the presentation, and to avoid cumber- 
some computations which hinder an under- 
standing of the method. 

In future it will not be essential that a hori- 
zontal velocity component of medium dis- 
placement be given as a linear function of the 
co-ordinate 2. The method proposed allows 
for solution when the horizontal velocity 
component of medium displ acement is given 
as polynomials of any whole powers with respect 
to I. 

Substituting the variables in equation (1.2) : 

we obtain: 

aT 
%-i- W$+blFt=Fp+p+p, aT @T iYT pT (1.3) 

where 

Equation (1.3) is solved by the operational 
method. With the help of the Laplace triple 
transformation : 
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128 0. S. BERLYAND 

T* = $ Te-Ctdf~e-V-P?o dl dT The first equation of system (1.8) has two 
fundamen~1 solutions : 

substituting erg and e-i’. 
T* = x @/Vi The twa fundamental solutions for equation 

equation (I .3) is reduced to the form : (1.5) may be obtained with the help of the 
generating operator : 

d’x 
37% - px x,, = H- [ez’ f +‘ wl Vi*) W 

= bP& - 7 
- e-t’ f ec’p,-, (C*)dC*], (1.9) 

e-(w’8)’ ‘[k&) - hll (le4) where 

where (Pn-l(5’) = Pxn-I (C’). 

P=P,-P,g-P,p-7. 
Assuming first xg = ec’ we get the fust funda- 

mental solution of equation (1.6) in the form: 

Assuming that {t/(P) = {*, we reduce equa- xl ’ 
et’ .Fl(S*). The second fundamental 

tion (1.4) to the form: 
solution of (1.6) may be obtained in an analogous 
way : 

dgX 
dr*’ - ti + 2?]x 

xs = e-c* sFz(g*). 

The general solution of equation (1.5) for the 
Q =--- e 
PA -WPB~/fP) 8 ($7 - h), 

boundary conditions given above will be written 
(1.5) a$ follows [l]: 

where 

Let us solve the homogeneous equation: 
+ (~~2)X~~O) - vxpu xm 

- (lVj2)xdO) + t/(PX,) x;(o)x@vp) (l.loJ 

d4( 
&iy - El + 4*1x = 0. (1.6) x x2(5*, PI, 5* 2 h 

We shall find the solution of this equation in Q e- ( W@%t f 

the form of the following series arranged accord- x - 
ing to the powers of a: 

- px1/;\,-- w 
E 
x1(5*, P) 

x = x0 + ax1 + a% + . . . + anxn + . . . (1.7) 
+ (W)x,K9 - e%) x3-9 

- (W/2)x0(0) + X4PU x;(o) 
Substi~ting equation (1.7) into (1.6) and 

equating the terms of equal powers of a, we x x&C*, P) 
get the following iniinite system of ordinary 7 

x& PI, 

differential equations: 
1* < h 

daxn 7 -- &ii x0 = u, 1 where W is the Wronsky determinant, 

&fz - Xl = 5*x0, 

daxn 
ds*’ - Xn = 5*x*-l. 

0.8) 

+ (1.11) 

Expressions ( 1.10) and 
image of the function T. 

(1.11) represent the 
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The transition from the image to the original 
is carried out with the help of the formulae: 

e-0,’ 0) = (4t) ’ 
“einerfcwr 

o-(1.12) I 

x (&~a z, t, 0 d5 - --ii Q s 
d7 

(-1)” ’ 1 R 
= - - 

( i 4xf 2t/t 
exp f- (_~~/4Xt) - ~3 

(1.13) 
Here ifl erf c x is the integral function of errors of 
the n-th order; H, are I&mite’s polynomials 
[2, 31; w = S/2%/!. 

The solution for equation (1.13) has the 
following form : 

T = 9 in erf c2t/(h,tJ, =- H, (&)Y,L,+ 

(1.14) 
Solution (1.14) obtained for an instantaneous 
point source is Green’s function for equation 
(1.3), with more general assumptions on the 
time and space characteristics of an admixture 
source. 

With the solution of equation (1.3) we may 
obtain the solution of any non-homo~neous 
problem corresponding to this equation. Indeed, 
letting equation (1.3) have the term f (x, y, 9, t) 
in the right-band side, the solution satisfying 
non-homogeneous initial and boundary con- 
ditions: 

[ 
A$- WT 

1 
= $6, Y, 0, 

z-0 
at 

\/(x2 + 2 + tZ> -+ ~0 7’ = 0, 

will have the form: 
I co 

T(x, y, z, t) = ; J JJ d7 W drl 0 -03 
m 

x J f@ - 5,~ - T, 5, f - WC, ” 

At the boundary condition: 

129 

c (1.15) 

the last term in (1.15) should be substituted by 
the expression 

i m 

’ i2 J JJ d7 3/1(x - S,Y - T, t - 4 
0 --m 

2ToC5, rlr z. t; 
26 

Let a stationary source with intenaity q 
of heat units per time unit be concentrated at 
the point x = y = 0, z = h. The temperature 
distribution may be obtained as a limit of 
solution for equation (1.3) at t --f co, with the 
right-hand side 

at horno~~~ initial and boundary conditions. 
The first term of equation (1.15) shows that 

co 

I-,(x, y, 2; I?) = 4 e J rob, Y, z, t; 4 dt. 
0 

2. TIiEDRETICAL t?&JBST~~N OF THE 
METHOD 

To substantiate the method proposed above, 
the following theorems were proved: 

(1) Let ir izL - #J (*) at suflkiently large n 

andao~~,o~...~a,...ora,>q... >a% 
>.... Then, at suflkiently large n, 

lk km - no/m ll. 
k-0 
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Therefore : 

ii lf 
n-2 i (m + I):.+ M _ 1 1 wnl,‘p+I. (2.1) 

We used the symbol M with the meaning 
a,, N no when n + co, if the condition a, = O(nfi) 
is fuElled when ,9 < a. 

(2) Let the function PI@, z, t) be the original 
of the image P;f(P, z), and the function 
fl&, z, t), that of P;+rf(P, z), Then for a suffi- 
ciently Large number n, excluding the neighbour- 
hood of zeros of the function F,(f, -I, t), 

(3) 
i”erfcx i”erf c0 1 

maxin-“erfcx = in-lerf&w I&' (2.3) 

The main idea of the proof that there exists 
the original for the geneA solution of the 

equation when U(Z) = 5 rJV is the following [l] : 
v-o 

We first prove the existence of the original 
for the function x which is the solution for the 
equation: 

or 

@x 1 
d-j - x = p p&*)X. (2.4) 

The formal solution of equation (2.4) may be 
obtained in the form: 

x 2 = a”x,, . 

where a = f (PC, P, r,) is the definite parameter 
chosen. 

The succession of the functions xn is deter- 
mined with the help of the operator : 

6 Mxn) 

= 4W f e-* R&I*) x,,(5*) d5* (2.3 

- 6 f &(t*1~&*) WI, 
i 
J 

SO 

Xn+l = A&n); x,, = 1. 

The proof is given here for the existence of the 
fund~en~l ~Iut~on e-+9&*). 

Let us formulate the main properties of the 
operator ARK. Let [qJ > lP,,I for coefficients of 
polynomials of one order 

Qm =“$5’. and P, =,;&P 

where qv are the coefficients of the polynomial 
Qm of one sign. In this meaning we shall use 
Qm & P,. Besides equation (2.4) we shall 
consider the following equation : 

d” * 
-+x*= (2.6) 

where 

Then we can prove that As,{Q3 > A&P,). 
Thus, if for equation (2.6) we build a formal 

solution in the form of the succession 
l 

X”+l = A&i), and assume that x0 = xp’ = 1, 
then it appears that: 

. 

and 

xt = As,(l) 9 Ad) = xl 
* 

X2 = A.&X:) % AR&~& = xz 

x: 9 Xn. 

Note that by presenting S, in the form of 
Sk = a(5 -+ N)&‘, and by choosing the constants 
a and N correspondin~y, one may attain the 
fullitment of the relation Sk 9 Ril.. By substi- 
tuting the variable 2(5 + J&I(P) = K, equation 
(2.6) is reduced to the form: 

By the method of complete induction it was 
shown [I] that terms of succession of the 
functions xn given in the form: 

(I me + 11 I 
n (k-a) 

l-l m(k+l)-I (2.7) m-? 
where 

M 2 2, 
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and of the succession of the solution for equation 
(2.6) are bound by the condition 

j;, % x:. (2.8) 
Let us prove the convergence of the original 

e- (r/Z) g (Ln;,I. Apparently, on the basis of 
n-0 

equation (2.8) the convergence of the original 

e-@lz)? tz”x: will be proved automatically. 
r-0 

The proof of the convergence is based on the 
estimation of the expression : 

Lb: (e - W) a” +l ji,+3 

L,T: (e-W*) an j&) ’ 

Taking into account equations (2.1)-(2.3) it 
may be shown that 

I L,T: (e- (w an +l j;,+,) 

L;: (e- W2) an Fn) I 

[2(5 + N>lkt’ (2.9) 
‘-%+l)(k+l) 

Thus, the existence of the original of one of 
the fundamental solutions for equation (2.4) is 
proved. Proceeding from equation (2.9) and 
(2.5) it is easy to show that the fundamental 
solution for equation (2.4) is x1 = er*S&*) + cc 
at 5* + cc and x2 = e-r*F2(J*) + 0 at 5* + co. 

By this it was proved that the solution of 
equation (1.1) tends to zero at. z --f co (see 
equation (1.10)). 

Now we shall turn to prove the existence of 
the original for the image which is the general 
solution for equation (1.1). 

Let us consider the expression [5]: 

4 a2 4 

fm = 
1 -!- p:14 + pt +... + p:/8 + . * . 

b 
1+p&+++...+j&2 

(*I 

1 t 1 

Let us expand the function f (P,) in a series by 
1/P:12. We then obtain: 

f (Pt> = 4 - 4 j& 
I 

+A,;+... t +(-WA,&+ 
: 

. . . (**) 
A, = 1 

. A, = ;, I I ; 
1 I 

1 1 0 

A 
2= 

4 bl 1 a, b2 h I 

1 1 oo...o 

=1 bl 1 0:. .o 
. . . . . . . . . 

. . . . . . . . . 

ak-l bkvl bk- . . . 1 

a, bk bksl . . . bl 

The series is convergent outside any ring with 
a centre in the origin of co-ordinates Pt = 0, 
including all the poles of the function f (P,). 
The transformation of it into the language of 
the variable t may be carried out using the 
operational relation term by term: 

c a, 4 U(r) t\ p/z 

p,n12 l /, an P[l + (n/2)] ’ Re pt ’ O 
n=1. a=i 

This follows from the fact that the sum of any 
convergent series always equals its Borelevsky’s 
sum : 

zcn=re-tz &tnf2dt. 

m-1 n=l 
Thus, the exisience of the original for the 

image of ‘the type x1(0)/x2(O) is proved (see 
(1.10)). In an analogous way the existence of 
the original for any terms in expressions (1.10) 
and (1.11) may be proved. 

Proceeding from the succession of (2.7), it is 
easy to prove the absolute convergeuce of 
derivatives entering equation (1). 

Thus, the formal series obtained by our 
method absolutely converges with all its deriva- 
tives, and is in fact the solution of equation (1.1). 
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Abshct-A method of solution of the heat conduction (diiusion) equation is developed for a non- 
stationary thrrodimensioaal probLent with convection. A theoretical substantiation of the method is 
present for the case of a ho&mtal (longitudinal) velocity component of medium displacement being 
an arbitrary polynomial relative to the vertical co-ordinate. The solution for the equation is based on 
the operational method and has the fotm of a series ar&rged according to the powers of the generalized 

Laplace parameter. 

R&t&-La m&.hode de r&solution de l%quation de conduction de la chalcur (diffusion) est Ctudiie 
daus le cas dun problbme transitoire, triwionnel avec convection. Une apphation th6orique de 
la &tlmdc cst prisuntcs dans lc cas ou la composante de la vitesse horizontale (longitudimdc) du 
d&p-t moycn eat un polyn&ne qudconque de la coordonn& vet&ale. La solution de l%quation 
est fond& sur la m&ode op&atii et a la formc d’unc s&tie ordonn6c suivant les puissances du 

param&e g&raliJc dc Laplace. 

W-Die Liibuaeusrthode der W&nxl&ungsgleichung @i&ion) wird auf das 
instationihu drciionalc ProbIem mit Ronvektion ausgcdehnt. Theorctisch Imwicsen wird dicsc 
Mcthodc f@r den Fall, dass die &bxm&lc &ngitudinalc) Gcschwindigkeitskomponente von mittlerer 
G&se als willk&liche Polynomfunktion der Vertikal-Koordinate gcsctat wcrden kann. Die Losung 
dcr Gleichung ist in Form eincr Reihc mit stcigcnden Potenaen des veral1gcmcinerten Laplace- 

Paramctersangtgebcn. 


