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Anporanua—PazpaloTal MeTOX pemieHHS ypaBHEHHA TEILIONPOBORHOCTH (Auddyamu) maa
HECTAIMOHAPHO# TpexXMepHO#f 3ajauM NpPK HAJIMYMM KOHBeKmMM. JlaHO TeopeTHYecKoe
ofocHOBaHMe METONA MJIA CAy4Yasd, HOTA3 TOPH3OHTANLHAA (NPONOILHAA) COCTABAAIOMAR
CKOpOCTH NepeMelleHHs CPefil CYTh IPOHSBOJLHEU! NMOMMHOM OTHOCHTENHHO BePTHKAILHOM
KOOpMMEATH. Pemenne ypasHeHHA 6asHpYeTCA Ha ONEPAIMOHHOM METONe M MMeeT BHI PAaja,
PACIOIOMKEHHOTO IO CTemeHAM oo0meHHOro nmapaMerpa Jlamiaca.

NOMENCLATURE
T, temperature;
x, y, horizontal plane;
z, vertical co-ordinate ;

u(z)=X a,z™ and
MmO

W, corresponding velocities of medium
displacement;;

A, A,, corresponding coefficients of heat con-
duction;

Ty, Green’s function.

1. METHOD OF SOLVING EQUATION (1.1)
THE heat equation:

or or or
7T W?z + u(z) ™

a'T o T
=)\( +gn) Fhgm QD

is solved for the following initial and boundary
conditions, assuming that W, X and A, are
constant:

at

t=0, T = Qdx)&y)d&z— h);
at
Vixt4+yr+z)>0 T=0;
( aT+WT) = 0.
z=Q

The method of solution is illustrated in
application to the equation:

or oT T
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Equation (1.2) is solved instead of (1.1) only to
simplify the presentation, and to avoid cumber-
some computations which hinder an under-
standing of the method.

In future it will not be essential that a hori-
zontal velocity component of medium dis-
placement be given as a linear function of the
co-ordinate z. The method proposed allows
for solution when the horizontal velocity
component of medium displacement is given
as polynomials of any whole powers with respect
to z.

Substituting the variables in equation (1.2):

S A P S
5—\/A, n—\/A’ C '\/Az, W—'\/At,
we obtain:
ar 6T 3T B’T 6’T 6’T

where

o= /3

Equation (1.3) is solved by the operational
method. With the help of the Laplace triple
transformation:
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T* = [ Te-Ptdt [ [ e-Pet—Pom dg dn
] -

substituting
T* =y e(w/ 1114

equation (1.3) is reduced to the form:

d%x
T
= Py — L ey — K, (19
where
w2
P=P —P}—Pi— .

Assuming that {1/(P) = (*, we reduce equa-
tion (1.4) to the form:

diy "
&Tﬁ—ﬂ-i-%]x

= _Q. ~ W2y (P) (’\z *
where
bP,
P’Il'
Let us solve the homogeneous equation:
d
T Utak=0 (1§

We shall find the solution of this equation in
the form of the following series arranged accord-
ing to the powers of a:

X=Xotan+at+...+a,+... (L7)

Substituting equation (1.7) into (1.6) and
equating the terms of equal powers of a, we
get the following infinite system of ordinary
differential equations:

d?y I

a‘c‘;g — Xo =0,

d?

dc*zl = x1= %o > (1.8)
dy,

ke T Xn & C*Xn- .

dg;z 1 ]
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The first equation of system (1.8) has two
fundamental solutions:

e and e-¥,

The two fundamental solutions for equation
(1.5) may be obtained with the help of the
generating operator:

Xn =} [e¥ fe ¥ gpy ({*) d*
—e ¥ fe¥p,, ({Mdl*],  (1.9)

where
Pn-y (£*) = {*xn ({*).

Assuming first x, = e we get the first funda-
mental solution of equation (1.6) in the form:
x1 = e F,({*). The second fundamental
solution of (1.6) may be obtained in an analogous
way:

X2 = 7% Fy({*).
The general solution of equation (1.5) for the

boundary conditions given above will be written
as follows [1]:

e~(WhRx) |
X =Q'—Pj\“\7;;—- W{h(h,l’)

W Dx:0) — vV(PA) x:(0)
— (W/2x:0) + V(PA,) x,(0)

X xall*, P), [* > h J (7(’-’-) @ > hy;

-~

-

4 x,(h,p)] (1.10)

e—(Whizh) |
X= %m* W [x;@", P)

(W/2)x:(0) — V(PA,) x:(0)
— (W[2)x3(0) + v/(PA,) x:(0)

X xo(L*, P)] xo(h, P),

c*<hJ(£)(z<h);

where W is the Wronsky determinant.

> (11D

X1 X2
X1 Xe
Expressions (1.10) and (1.11) represent the
image of the function T.
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The transition from the image to the original
is carried out with the help of the formulae:

1
L (ymz) — e~ ‘“’) = (@nm2inerf ¢ 5—(1.12)

2\/1
and

i {Pgexp [—(Pi+P11}

0y
¢ 4,,,) (v7) oxp = %40 — o
(1.13)

Here i" erf ¢ x is the integral function of errors of
the n-th order; H, are Hermite’s polynomials
2. 3}; @ = §/24/1.

The solution for eqguation (1.13) has the
following form:

T~ et e (w(k,r)) ’]

(1.14)

Solution (1.14) obtained for an instantaneous
point source is Green’s function for equation
(1.3), with more general assumptions on the
time and space characteristics of an admixture
source.

With the solution of equation (1.3) we may
obtain the solution of any non-homogeneous
problem corresponding to this equation. Indeed,
letting equation (1.3) have the term f (x, y, z, 1)
in the right-hand side, the solution satisfying
non-homogeneous initial and boundary con-
ditions:

I(x, y, 2, 0) = ¢(x, y, 2),

T
[Az%;+ "2] ”'f’(x,y, t)9

at
VEE+YE4+H>oo T=0,

will have the form:

T(x,y,z,t)u-léjdrjjdfdn

[ -0

xjf(x«g,y—n,c,rﬂm

x(f,n,:,f,odur-é”dsdn

—a0
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X j‘qb(x-— £,y —n 0T,

(f,n,-,tl)dl—-éjdf

0

L .1s)

o

x| [ s = ey —mt =0,

0

X (£, m, 2, 73 0) d{ dn). J
At the boundary condition:

T}z-a = 5133()6, »0

the last term in (1.15) should be substituted by
the expression

1 @

5o |[me—er—ni—n

—
aTO(gs s Z, t;
X[ A—n2 D 2 E

[ ol r=e

Let a stationary source with intensity ¢
of heat units per time unit be concentrated at
the point x = y = 0, z = h. The temperature
distribution may be obtained as a limit of

solution for equation (1.3) at ¢+ > oo, with the
right-hand side

F(x 9,2, 1) = q8(x) 3(3) 8z — h)

at homogeneous initial and boundary conditions.
The first term of equation (1.15) shows that

-

j Tl)(x:y’ Z, t;h)dt'

[

de dn.

Tx,y,z: ) =

ol

2. THEORETICAL SUBSTANTIATION OF THE
METHOD
To substantiate the method proposed above,
the following theorems were proved:

(1) Let n a; ~ n<l4 (*) at sufficiently large n
and a,, <a, €...Kdy...0T8, >0y, .. >0,
. Then, at sufﬁciently large n,

”
Mawm ~ nelm oy,
km=Q
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Therefore:

“ 1 ‘ 17841
,I.Ig(l T EIDkEm = 1) ~ i @2.0)

We used the symbol ~ with the meaning
a, ~ n* when n - o, if the condition a, = 0(n®)
is fulfilled when 8 < o.

(2) Let the function F,(¢, z, ¢) be the original
of the image P;f(P, z), and the function
Fy(¢, z, 1), that of P3*Yf (P, z). Then for a suffi-
ciently large number #, excluding the neighbour-
hood of zeros of the function (¢, z, 1),

g L] PSPt
‘gl(.g, :9 t) t
@ rf fc0 1
irerfc x iterfc
maxz”“erfcx i"lerfc0 ™ \n (2.3)

The main idea of the proof that there exists
the original for the general solution of the

*
= X r,{* is the following [1]:

=
We first prove the existence of the original
for the function x which is the solution for the
equation:

equation when u(z)

d2
dcg PX = P‘“(C)X
or
g2 1
apes — X = p Paul*)x. @4

The formal solution of equation (2.4) may be
obtained in the form:

o]
x = 2 ay,.

nawi

where a = f(Pg, P, r,) is the definite parameter
chosen.

The succession of the functions yx, is deter-
mined with the help of the operator:

e~ Ar(xn)
= }[e% f e~%" Ry(L¥) xn(L*) dL*
— e [ RUCWal®) A%, J

S0

2.5

Xnt1 = AR(n); xo = 1.
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The proof is given here for the existence of the
fundamental solution e~ F,({*).

Let us formulate the main properties of the
operator Ag,. Let |g,| > |P,| for coefficients of
polynomials of one order

Qn = Eq,{ and P,
where ¢, are the coefficients of the polynomial
Q.. of one sign. In this meaning we shall use
Qn > P,. Besides equation (2.4) we shall
consider the following equation:

d* 1
= x* = }*,PgSk(g*)X*a

=3P
p=10

(2.6)

where

x
SuO) = =S, > Re(d).
=19

Then we can prove that A5 (Qn) > Ar(Pn).

Thus, if for equation (2.6) we build a formal
solution in the form of the succession
Xor: = As,(x3), and assume that yo = x; = 1,
then it appears that:

Xy = As (1) > Ap(l) =,

X; = AS;(X;) > Arla) = xa
and

X: > Xn-

Note that by presenting S, in the form of
S, = a({ 4 N)*, and by choosing the constants
a and N correspondingly, one may attain the
fulfilment of the relation §; > R.. By substi-
tuting the variable 2({ + N)+/(P) = «, equation
(2.6) is reduced to the form:

d2 * GP:
de Px = T peHT wEx*s

By the method of complete induction it was
shown [1] that terms of succession of the
functions y, given in the form:

_ 1 ,
Xn == n\k +"' " {KT Mk + 1)

- m(k + I) r{k+1)
Ly e '1'} @7
where

MZ=2,
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and of the succession of the solution for equation
(2.6) are bound by the condition

Xn > Xae 28
Let us prove the convergence of the original
e—(x/2) § a"%n

equati:)‘r: (2.8) the convergence of the original

Apparently, on the basis of

o0
e~ DX o™y will be proved automatically.
nam(
The proof of the convergence is based on the
estimation of the expression:
L;ll (e— (x/2) a® +1 )-(ﬂ'*'l)
Loy -
Taking into account equations (2.1)-(2.3) it
may be shown that
Lz (e~ am¥1 yuyy)
LE;I (e— (x/2) gn 7")

[2({ + NPt
“Grnern &Y

Thus, the existence of the original of one of
the fundamental solutions for equation (2.4) is
proved. Proceeding from equation (2.9) and
(2.5) it is easy to show that the fundamental
solution for equation (2.4) is y; = e¥*F;({*) » o
at{* > coand y, = eV F,({*) > 0at {* - 0.

By this it was proved that the solution of
equation (1.1) tends to zero at,z — oo (see
equation (1.10)).

Now we shall turn to prove the existence of
the original for the image which is the general
solution for equation (1.1).

Let us consider the expression [5]:

a az ' an
1+F‘;72+F+---T'I_)7§+
f Py = —— e — ®
1+P1/2+ + . +P‘—,’"_2

Let us expand the function f(P,) in a series by
1/P}2, We then obtain:

1
f(P¢)=Ao—A1IT/z
1 1
— —1) —_ £ 22
+A2P,+ .+( 1) A”P;"2+'”( )
Ao=
1 1 0
Al_ ; ;l Az-- al b1 1
v a b, b
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1 1 00...0

@ b 1 0...0
Ak =

a; - bk—l bk—2 R |

a;. bk bk"l e bl

The series is convergent outside any ring with
a centre in the origin of co-ordinates P, = O,
including all the poles of the function f(P).
The transformation of it into the language of
the variable ¢ may be carried out using the
operational relation term by term:

-] 0

1/
an/z U(I)Zanm,ReP,>0

n=1 n==1

This follows from the fact that the sum of any
convergent series always equals its Borelevsky’s

sum:
Z j Z Gy 4

nal

Thus, the existence of the original for the
image of the type xi(0)/x(0) is proved (see
(1.10)). In an analogous way the existence of
the original for any terms in expressions (1.10)
and (1.11) may be proved.

Proceeding from the succession of (2.7), it is
easy to prove the absolute convergence of
derivatives entering equation (1).

Thus, the formal series obtained by our
method absolutely converges with all its deriva-
tives, and is in fact the solution of equation (1.1).
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O. 5. BERLYAND

Abstract—A method of solution of the heat conduction (diffusion) equation is deveioped for a non-

stationary three-dimensional problem with convection. A theoretical substantiation of the method is

present for the case of a horizontal (longitudinal) velocity component of medium displacement being

an arbitrary polynomial relative to the vertical co-ordinate. The solution for the equation is based on

the operational method and has the form of a series arranged according to the powers of the generalized
Laplace parameter.

Résumé—La méthode de résolution de ’équation de conduction de la chaleur (diffusion) est étudiée

dans le cas d’un probléme transitoire, tridimensionnel avec convection. Une application théorique de

la méthode est présentée dans le cas ol la composante de la vitesse horizontale (longitudinale) du

déplacement moyen est un polyndme quelconque de la coordonnée verticale. La solution de I'équation

est fondée sur la méthode opérationnelle et a 1a forme d’une série ordonnée suivant les puissances du
paramétre généralisé de Laplace.

Zuammenfassung—Die Losungsmethode der Wirmeleitungsgleichung (Diffusion) wird auf das

instationiire dreidimensionale Problem mit Konvektion ausgedehnt. Theoretisch bewiesen wird diese

Methode fiir den Fall, dass die horizontale (longitudinale) Geschwindigkeitskomponente von mittierer

Grosse als willkiirliche Polynomfunktion der Vertikal-Koordinate gesetzt werden kann. Die Losung

der Gleichung ist in Form einer Reihe mit steigenden Potenzen des verallgemeinerten Laplace-
Parameters angegeben.



